The inflow velocities in various components
Introduction
The steady and unsteady fluid-structure interaction problems are present in numerous engineering fields such as in thermofluid systems, pumps, nuclear reactors, gas and hydraulic turbines, aeronautics, and other areas. This explains why the study of fluidstructure interaction problems and flow-induced vibrations received a topical interest worldwide. Thus, fluid-structure interaction problems in axial and annular configurations and the corresponding unsteady flows have been studied theoretically ͑us-ing simplified models for idealized geometries͒ and experimentally by, among others, Inada and Hayama ͓1,2͔, Mateescu and Paidoussis ͓3͔, and Mateescu et al. ͓4,5͔.
The accurate analysis of fluid-structure interaction problems requires the simultaneous solution of the equations of the unsteady ͑or steady͒ flows and those of the deformation motion ͑often oscillatory͒ of the structure. As a result, the numerical methods of solution for the unsteady flows have to be characterized by an excellent computational efficiency, in addition to a very good accuracy. This requirement is made even more difficult by the complexity of the fluid flow problems, involving usually oscillating boundaries and flow separation regions, which require solutions of the Navier-Stokes equations capable to accurately capture these separation regions. Several studies have been based on numerical methods using finite-difference formulations, such as those developed by Mateescu et al. ͓6-9͔, Belanger et al. ͓10͔, Mateescu and Venditti ͓11͔, and others, which were validated by experiments ͑see Ref. ͓12͔͒, or using spectral and hybrid-spectral formulations, such as those developed by All the above mentioned studies considered the case when the inflow velocities were constant in time. However, the inflow velocities in various components of the engineering systems often display variations in time ͑fluctuations͒, which may substantially affect the flow-induced vibrations and instabilities of these systems. For this reason, there is a need to take also into account in these studies the variation in time ͑fluctuations͒ of the inflow velocity.
A first attempt to study the effect of the inflow velocity fluctuations ͑but without considering the wall oscillations͒ was presented at an ASME Symposium on Flow-Induced Vibration by Mateescu et al. ͓17͔. Recently, with the development of the microelectromechanical systems ͑MEMSs͒, a research interest has been developed for steady and unsteady confined fluid flows at low Reynolds numbers. With a research interest in the confined fluid flow with heat transfer in MEMS at low Reynolds numbers for cooling purpose, Velasquez et al. ͓18͔ studied the effect of the forced flow pulsations on the laminar heat transfer enhancement behind a 2D backward-facing step in a channel with fixed walls at Reynolds numbers between 20 and 200. In this study, the numerical method used a finite point formulation, in which the spatial derivatives are computed by using a least-squares approximation in a cloud of points, with second-order Taylor polynomials as approximating functions, and a Crank-Nicholson scheme for the integration in pseudotime.
Gerber et al. ͓19͔ studied the unsteady response of a curved backward-facing compliant step in a flow model related to the aluminum continuous casting operation to a near-net shape. The Reynolds numbers considered in this flow model were 536 and 1055, and the numerical method used a finite element/finite volume discretization with an arbitrary-Lagrangian-Eulerian ͑ALE͒ approach.
A special research interest has also been devoted recently to the aerodynamics of airfoils at low Reynolds numbers, with applications to the unmanned and micro-air vehicles ͑MAVs͒. Several authors, such as Kunz and Kroo ͓20͔, found that many successful aerodynamic codes developed for the normal range of the Reynolds number are not well suited for low Reynolds numbers. Kunz and Kroo ͓20͔ used in their computational study on airfoil flows at low Reynolds numbers ͑between 1000 and 6000͒ the INS2D code developed at NASA Ames based on an upwind finite differencing scheme developed by Rogers and Kwak ͓21͔.
The aerodynamics of airfoils at low Reynolds numbers, between 400 and 6000, have also been studied by Mateescu and Abdo ͓22͔ and Abdo and Mateescu ͓23͔ with a numerical method based on a finite-difference formulation with artificial compressibility, and using a domain decomposition with different coordinate transformations for various domains.
The aim of this paper is to present time-accurate solutions of the Navier-Stokes equations for the analysis of the unsteady viscous flows in confined configurations generated by variations in time of the inflow velocities and by oscillating walls. A special interest is to study the effect of the inflow velocity variations in the flow separations appearing in confined flows with oscillating walls. No previous solutions were found by the authors for this type of unsteady confined flows generated by variable inflow velocities and oscillating walls. As an example, the numerical method presented is applied to obtain solutions for the unsteady flows with separation regions past the benchmark configuration with a downstream-facing step, which is generated by harmonic variations in time of the inflow velocity and by oscillating walls.
Problem Formulation
As an example of unsteady confined flows, consider the benchmark 2D flow past a downstream-facing step shown in Fig. 1 , which is defined by the downstream channel height H, the step height Hh, and by the upstream and downstream channel lengths Hl 0 and Hl 1 , respectively. This flow is referred to the Cartesian coordinates Hx and Hy centered at the step corner, where x and y are the nondimensional coordinates ͑with respect to H͒.
At the channel inlet ͑Hx =−Hl 0 ͒, there is a fully developed laminar flow defined by the axial velocity U͑y , t͒, which is variable in time according to the equation
where t = U 0 t ‫ء‬ / H and = ‫ء‬ HU 0 represent the nondimensional time and the reduced frequency of oscillations ͑ ‫ء‬ =2f is the radian frequency of the oscillations͒, a is the nondimensional amplitude of the inflow velocity oscillations, and U 0 ͑1−a sin t͒ is the mean inflow velocity at time t.
A portion of the lower wall of length Hl, situated just behind the downstream-facing step, is assumed to execute transverse oscillations defined by the following lower wall equation
where g͑x , t͒ is the oscillation mode defined as
in which A is the nondimensional amplitude of oscillations ͑non-dimensionalized with respect to H͒. The time-dependent Navier-Stokes and continuity equations for unsteady incompressible flows can be expressed in nondimensional conservation law form as
where V, which represents the dimensionless fluid velocity vector, is nondimensionalized with respect to the time-average mean flow velocity U 0 ͑that is, V = V ‫ء‬ / U 0 ͒, and Q͑V , p͒, which includes the convective derivative, pressure and viscous terms, are expressed in two-dimensional Cartesian coordinates in the forms
in which Re= HU 0 / represents the time-average mean Reynolds number based on the downstream channel height, and u, v, and p represent the dimensionless velocity components and pressure, nondimensionalized with respect to U 0 and U 0 2 , respectively ͑where and are the fluid density and the kinematic viscosity͒.
No-slip boundary conditions are considered at the solid walls. The inflow and outflow boundaries of the computational domain are situated at distances Hl 0 and Hl 1 upstream and downstream from the step, respectively, with l 0 = 2 and l 1 = 30 in the present computations. The inflow boundary condition is defined by Eq. ͑1͒, and the outflow boundary conditions for the velocity components are based on an extrapolation to second-order accuracy from inside the computational domain. The outlet pressure is obtained by integrating the normal momentum equation from the bottom wall ͓11͔, and in the final solution the pressure is adjusted to zero at the concave step corner.
Method of Solution
For a rigorous implementation of the boundary conditions on the oscillating walls, the real fluid flow domain with moving boundaries is transformed into a fixed computational domain by the time-dependent coordinate transformation 
where f͑x , y , t͒ is defined in terms of the oscillation mode, g͑x , t͒, in the form
Thus, in the fixed computational domain ͑X , Y͒, the lower and upper boundaries of the duct after the step ͑and also before the step͒ are defined by the equations Y = 0 and Y = 1, respectively. In this fixed computational domain, the Navier-Stokes and continuity equations can be expressed as
where
in which
In the present approach, the momentum equation is discretized in real time based on a second-order three-point-backward implicit scheme:
where the superscripts n −1, n, and n + 1 indicate three consecutive time levels, and ⌬t = t n+1 − t n = t n − t n−1 represents the time step. Thus, Eq. ͑11͒ can be expressed at the time level t n+1 in the form
where ␣ =2⌬t / 3, G n+1 = G͑V n+1 , p n+1 ͒, and F n = ͑4V n − V n−1 ͒ / 3. An iterative pseudotime relaxation procedure with artificial compressibility is then used in order to advance the solution of the semidiscretized equations from the real time level t n to t n+1 in the form
where V ͑͒ and p ͑͒ denote the pseudofunctions corresponding to the variable velocity and pressure at pseudotime , between the real time levels t n and t n+1 , and ␦ represents an artificially added compressibility.
An implicit
where ⌬f = ͓⌬u , ⌬v , ⌬p͔ T , ␣ =2⌬t / 3, I is the identity matrix, and where
in which the differential operators M and N are defined as
The optimal value of the artificial compressibility, ␦, and the size of the pseudotime step, ⌬, are determined, in a similar manner to that used in Ref.
͓11͔, based on the characteristic propagation velocity in the axial direction, + = ␣q + ͱ ͑␣q͒
where q is a representative velocity of the unsteady flow, ⌬x is an average value of the mesh size, and C is the Courant-FriedrichsLevy number, for which a value between 30 and 40 is considered in the present computations. The resulting values for ␦ and ⌬ are eventually optimized by numerical experimentation. A factored alternate direction implicit ͑ADI͒ scheme is used to separate Eq. ͑21͒ into two successive sweeps in the X and Y directions, defined by the equations
These equations are further spatially discretized by central differencing on a stretched staggered grid, in which the flow variables u, v, and p are defined at different positions, as shown in Fig. 2 . By using a staggered grid, this method avoids the odd-andeven point decoupling while preserving the second-order accuracy in space of the method. The grid stretching is defined by hyperbolic sine and tangent functions in the X and Y directions, in the form
where ␥ is a convenient stretching parameter and where I and J represent the number of grid points in the X and Y directions. A special decoupling procedure ͓11͔, based on the utilization of the continuity equation, is used for each sweep to eliminate the pressure from the other equations. The following relations, which are derived using Eqs. ͑27͒, ͑22͒, and ͑23͒ from the continuity equation expressed for each sweep,
are used to eliminate the pseudotime variations of the pressure from the systems of equations for the pseudotime variations of the velocity components in each sweep. In this manner, the problem is reduced to the solution of two sets of decoupled scalar tridiagonal systems of equations, for each sweep. As a result, this method is characterized by excellent computational efficiency and accuracy, displayed in all cases studied; for example, an average computational time of 32 min is needed to run the computer program ͑on a dual core of 3 GHz computer with 4 Gbytes of RAM͒ for one unsteady confined flow case with unsteady inflow variation and wall oscillations.
The method has been successfully validated by comparison with previous computational and experimental results available for steady flows past a downstream-facing step ͑not shown here due to space limitation͒.
Numerical Solutions for the Unsteady Confined Flows With Variable Inflow Velocity Past a Downstream-Facing Step With Oscillating Walls
This method is applied to obtain solutions for the unsteady confined flows past downstream-facing steps generated by harmonic variations in time of the inflow velocities defined by Eq. ͑1͒ and by the lower wall oscillations defined by Eqs. ͑2͒ and ͑3͒.
Computations have been performed for the step height Hh = H / 2, the length of the oscillating wall Hl =10H, and for various values of the Reynolds number, Re= HU 0 / , the amplitudes of the inflow velocity a, and wall oscillations A and of the reduced frequency of oscillations . The numerical results were obtained using a stretched staggered grid with 360ϫ 71 grid points for each variable ͑that is, to 719ϫ 141 grid points in total͒. The mesh spacing in the x-direction was minimum at the step, ⌬x min = 0.03121, and maximum at the outlet boundary, ⌬x max = 0.1583, while in the y-direction the minimum mesh spacing was at the walls and the step corner, ⌬y min = 0.00923, and the maximum mesh spacing was ⌬y max = 0.0224 in the middle of the upstream channel. The size of the nondimensional real time step was ⌬t =2 / ͑N͒ with the number of real time steps during an oscillation period taken between N = 80 and N = 160 depending on the unsteady flow case.
The pseudotime computations have been performed using ␦ = 0.25 and ⌬ = 0.05, and convergence was assumed to be reached when the rms residuals were less than 10 −5 ͑which required in average between 60 and 100 pseudotime iterations until convergence for each real time step͒. The real time integration was started from the steady flow solution for fixed walls and no inflow velocity variation, and was performed until all variables in the computational domain were executing repeatable harmonic oscillations from one period to the next ͑usually after 3 oscillation cycles or less͒.
The sensitivity of the numerical solution with the mesh refinement has been investigated for the case of steady flow at Reynolds number Re= 800 and l 0 = 0, using as criteria of comparison the lower wall separation length, Hl l , and the upper wall separation and reattachment locations, Hx s and Hx r ͑with the upper separation length Hl u = Hx r − Hx s ͒, which represent characteristic features of this flow. The results of the grid-sensitivity test are indicated in Table 1 . One can notice that the solution obtained by using 401ϫ 81 grid points for each variable ͑or 801ϫ 161 grid points in total for the staggered grid͒ is very close to the fully converged solution, which is practically obtained with 1001 ϫ 201 grid points, and beyond this the numerical solution is not influenced by grid refinement.
After the grid-sensitivity test, the method is applied to obtain solutions for the unsteady confined flows past downstream-facing steps generated by harmonic variations in time of the inflow velocities defined by Eq. ͑1͒ and by the lower wall oscillations defined by Eqs. ͑2͒ and ͑3͒.
Typical patterns of the computed streamlines for this unsteady flow at several moments in time during the oscillatory cycle, t / T = 3, 3.25, 3.5, and 3.75 ͑where t is the nondimensional time and T is the dimensionless period of the oscillations͒, are shown in Fig. 3 for Reynolds number Re= 400, reduced frequency of oscillations = 0.05, and for the nondimensional amplitudes of the inflow velocity variation, a = 0, 0.05, and 0.1, and of the wall oscillations, A = 0 and 0.05.
One can notice from the computed streamlines shown in Fig. 3 that the upper separation region practically disappears for a portion of the oscillatory cycle for certain flow conditions, such as in the case a = 0.05 and A = 0.05. This newly discovered unsteady flow feature of disappearing and reappearing upper separation region during the oscillation cycle can be better observed in Figs. 
4-8.
The variations in the lower wall separation length, l l , and of the upper wall separation and reattachment locations, x s and x r ͑with Table 1 Grid sensitivity of the numerical solution for Hh = H / 2, Re= 800, and l 0 = 0 based on the computed nondimensional lengths of separation and reattachment the upper separation length l u = x r − x s ͒, represent characteristic features of these unsteady flows and will be used further to illustrate the influence of the main flow parameters, the Reynolds number, and the oscillation amplitudes and frequency.
Influence of the Amplitude of the Inflow Velocity Fluctuations on the Unsteady Flow Separations.
The typical influence of the inflow velocity oscillation amplitude, a, on the lower wall separation length ͑l l ͒ and on the upper wall separation and reattachment locations ͑x s and x r ͒ is illustrated for several values of the wall oscillation amplitudes A in Fig. 4 , for Re= 400, = 0.05, and in Fig. 5 for Re= 600, = 0.05. It is interesting to note that the upper wall flow separation is present only for a portion of the oscillatory cycle ͑being absent for the rest of the cycle͒ when the inflow velocity amplitude is larger, such as a Ͼ 0.05 for Re = 400, A = 0 and a Ն 0.2 for Re= 600, A = 0. At Re= 600, one can notice the formation of a secondary flow separation on the lower wall for a = 0.4 in the absence of the wall oscillations ͑A =0͒; this secondary separation appears only during a small portion ͑about one quarter͒ of the oscillatory cycle.
Influence of the Wall Oscillation
Amplitude on the Unsteady Flow Separations. The typical influence of the wall oscillation amplitude, A, on the lower wall separation length ͑l l ͒ and on the upper wall separation and reattachment locations ͑x s and x r ͒ is shown for several values of the inflow velocity oscillation amplitudes a in Fig. 6 for Re= 400, = 0.05, and in Fig. 7 for Re = 600, = 0.05. One can see that the length of the upper flow separation region increases with A and the duration of its presence during the oscillation cycle decreases with the increase in A.
At Re= 600 the upper separation region also disappears for a certain portion of the oscillatory cycle when A Ն 0.1 for both cases a = 0 and a = 0.05. 
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Transactions of the ASME 4.3 Influence of the Reynolds Number on the Unsteady Flow Separations. The influence of the time-average Reynolds number is illustrated in Fig. 8 for several values of the amplitudes of the inflow velocity fluctuations, a, and of the wall oscillation, A. One can notice that the length of the separation regions formed on the lower and the upper walls increases substantially with the Reynolds number. Secondary separation regions also appear on the lower wall at larger Reynolds numbers ͑starting from Re = 800 for a = 0 and from Re= 1000 for a = 0.05͒. At the larger Reynolds numbers, the upper flow separation region is continuously present during the oscillatory cycle, while at Re= 400, it is present only during a portion ͑about half͒ of the oscillation cycle and disappears during the rest of the cycle.
Influence of the Oscillation Frequency on the Unsteady
Flow Separations. The influence of the nondimensional frequency of oscillation, , is shown in Fig. 9 for Re= 400, a = 0.05, and A = 0.05. One can notice that the oscillatory amplitude of the lower flow separation length increases with the frequency of the oscillation, , while the upper flow separation is very little changed.
Conclusions
This paper presents the analysis of the unsteady confined viscous flows generated by the variations in time of the inflow velocities and by the wall oscillations, which is required for the study of flow-induced vibration and instability of various engineering systems ͑until now, the inflow velocity fluctuations, which occur in many engineering systems during the operation cycle, have not been taken into account in the aeroelastic studies of these systems͒.
The time-accurate solutions of the Navier-Stokes equations for these unsteady flows are obtained with a finite-difference method using artificial compressibility on a stretched staggered grid, which is a second-order accurate method in space and time. A special decoupling procedure, based on the utilization of the continuity equation, is used in conjunction with a factored ADI scheme to substantially enhance the computational efficiency of the method by reducing the problem to the solution of scalar tridiagonal systems of equations.
This method is applied to obtain solutions for the benchmark unsteady confined flow past a downstream-facing step, generated by harmonic variations in time of the inflow velocity and by the lower wall oscillations, which display multiple flow separation regions on the upper and lower walls. The flow pattern of these unsteady flows is illustrated by the computed streamlines at various moments during the oscillatory cycle, which clearly indicate the flow separation regions appearing at the upper and lower walls. The influence of the Reynolds number and the influence of the oscillation frequency and of the amplitudes of the inflow velocity and the oscillating wall on the formation of the flow separation regions are thoroughly analyzed in the paper. It was found that for certain values of the Reynolds number and oscillation frequency and amplitudes, the flow separation at the upper wall is present only during a portion of the oscillatory cycle and disappears for the rest of the cycle, and that for other values of these parameters secondary flow separations may also be formed on the lower wall.
